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Celebrated theorems of Kaplansky (3. p. 38 ] and Zalesskii [ 3, p. 48 1 
assert that if G is an arbitrary group and e is an idempotent in the group ring 
li. [G] then the trace of e is a rational number between 0 and 1. This has led 
many people working in the area to conjecture that e is, in fact. equivalent to 
an idempotent whose support lies in a finite subgroup of G. (Here we say 
that idempotents e and f are equivalent if there are ring elements a and b 
such that e = ab and f = ba.) 
This folk conjecture is incorrect. 
PROPOSITION. Let R and S be algebras with 1 over the field k. Assume 
that R has an n-generator projective module which is not free and that S can 
be written as a product of rings, S = M,(k) x S’. Then S aI R has an idem- 
potent rr’hich is not equivalent to any idempotent in S Ofi k. 
Proof: Let e E M,,(R) be the idempotent which represents the non-free 
projective module. Then e is not equivalent to any idempotent of the form I 0 
[H-l. 0 0 
Of course all idempotents in M,(k) are equivalent to idempotents of this 
type. Therefore e is not equivalent to any idempotent in M,,(k). 
It is easy to see that Sak R -M,(R) x (S’ ok R). Consider (e, 0) E 
M,,(R) X (S’ ok R). Evidently (e, 0) is not equivalent to any idempotent in 
M,(k) x (S’ Ok k). 1 
COROLLARY. Assume that G is a torsion free group and that the group 
algebra C [G] has a Jinitely generated projective module which is not free. 
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Then for someJnite group F, the group algebra iC [F x G] contains an idem- 
potent not equivalent to any idempotent whose support lies in a finite 
subgroup of F x G. 
ProoJ Suppose 1C [G] has a non-free n-generator projective module. 
Choose a finite group F which has an irreducible character of degree II. (The 
symmetric group on n + 1 letters has this property.) Since II [F x G] 5 
C(F] Q l@[G], th ere is an idempotent in C [F x G] which is not equivalent 
to any idempotent in C [F]. But all finite subgroups of F x G lie in F. I 
Lewin has produced finitely generated non-free projective modules when G 
is a torsion free polycyclic-by-finite group which is not nilpotent and when G 
is a torsion free one-relator group 121. Other examples appear in a paper by 
Artamanov [ I 1. 
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